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Summary A mathematical model is developed to determine the relationship between
stretch and the orientation of fibers in the fascia. The transversely isotropic stress- strain rela-
tion for large displacements valid for the human fascia reinforced by the collagen fibers is em-
ployed. The relation between the orientation of fibers in the un-deformed and deformed state
depending upon the stretch is plotted. It is observed that for greater fiber angle orientation,
the fibers are more resistant to reorientation as the fascia is stretched longitudinally. It is also
concluded that the reinforced fascia will always be in tension as the stretch is applied.
However, we suggest future research to resolve the tension and compression issues in fascia.
ª 2011 Elsevier Ltd. All rights reserved.

Introduction

Classically, the deep fascia is classified as irregular, dense
connective tissue which envelopes the muscles (Fawcett
et al., 1994; Russ and Dehoff, 2000; Young, 2006). More
recent studies (Benjamin, 2009; Langevin et al., 2009;
Stecco et al., 2007, 2008) provide important evidence of
a specific organization of the deep fasciae. In particular
(Stecco et al., 2009, 2008), have demonstrated that deep
fasciae of the limbs is characterized by layers which slide

relative to each other. In each layer, collagen fibres bundles
have a parallel disposition along one direction, and the
orientation changes between two layers. The angle formed
by the orientations of the fibers relative to each other in
man was found to be 78 degrees in the horizontal plane
(Benetazzo et al., 2011). This is identical to the angle in the
cow reported by Purslow (2010).

The matrix of the fascia which surrounds the collagen
fibers is thought to consist of a proteoglycan gel (Purslow,
1989) with negligible modulus of elasticity in tension rela-
tive to the collagen fibers with modulus of elasticity as high
as 1GPa (Fung, 1981). The angle of fiber orientation varies
in endomysium (a type of fascia) from 2.5 degrees to 87.5
degrees. The endomysium is a layer of connective tissue
that wraps muscle and is composed mostly of reticular
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fibers. The weighted mean angle of orientation is found to
be 59.1 degrees. Also, as the sacromere length of the
muscle increases, the mean fiber angle also increases
(Purslow and Trotter, 1994).

A simple mechanical model of the perimysium (another
type of fascia) was presented by Krenchel (1964) to find
the mechanical properties of fiber networks, i.e. the fibers
together with the sheet containing the fibers. The peri-
mysium is a sheath of connective tissue that groups indi-
vidual muscle fibers (anywhere between 10 and 100 or
more) into bundles or fascicles. The elastic modulus of the
network was calculated by a sum of the elastic modulus of
the sheet plus that of the fibers and adjusted for angle
orientation. Diamant et al. (1972) also applied finite beam-
bending theory to describe the fiber deformation on
extension. Purslow (1989) later made use of these models
to predict the stress-strain relations at varying values of
fiber orientation. From these results Purslow (1989)
further found relationships between the relative stiffness
of the perimysial network and stress versus the sarcomere
lengths. Cox (1952) developed a mathematical model to
consider the elasticity and strength of paper and other
fibrous materials in the planar sheet for isotropic material.
But, none of these models capture the non-linear (i.e.
large deformation) behavior of the fibers during stretching
of the fascia sheet. However, Adkins and Rivlin (1955)
developed a mathematical model to describe the large
elastic deformation of isotropic material reinforced by
inextensible cords. The non-linear stress strain relation in
the form of strain energy function was used in their
analysis. Later, Aspden (1986) developed a mathematical
model to study the relation between structure and
mechanical behavior of fiber-reinforced composite
isotropic materials at large strain keeping in mind the
relevance to biological material. Their findings predict the
reorientation of fibers with strain, in reasonable agree-
ment with preliminary experimental results from spinal
ligaments. No assumption was made about stress transfer
to the fibers. Aspden confined his analysis to the fibers in
tension, not in compression. This aspect of compression
will be discussed in this paper.

Furthermore, in all these models the material is assumed
to be isotropic. Since the spatial orientation of the collagen
fibers differs from layer to layer, the fascia assumes
anisotropic characteristics, i.e. the mechanical response of
a single layer differs if the layer is loaded along the
direction of the collagen fibres or along another direction.
That means the fascia is anisotropic. We develop a mathe-
matical model of the anisotropic fascia to further the
understanding of the mechanical response during stretching
in fascial manipulation treatment.

Therefore, a model that addresses the limitations of the
above models is clearly needed. In view of this, the fascia is
considered to be transversely isotropic (Chaudhry et al.,
2007) and the analysis in this paper is based on the large
deformation of extensible fibers using the strain energy
function approach as employed by Adkins and Rivlin (1955)
for isotropic material. The transverse isotropy means that
the material has a plane in which the material properties
are the same in different directions but in the direction
perpendicular to this plane, the material properties are
different.

Methods

Statement of the problem

We consider one type of fascia (endomysium) to be a thin
sheet of highly elastic transversely isotropic incompressible
material in the rectangular system (x1, x2, x3). Although,
muscle lies under the fascia and exerts off-plane forces on
the fascia, these forces are not considered in this model as
the directions andmagnitudes of these forces are not known.
The incompressiblematerial implies that the volume remains
constant before and after deformation (Purslow, 1989).
Further, the sheet is reinforced by two sets of fibers oriented
at an angle" a relative to the x1 axis, Figure 1a, based upon
the information obtained from actual orientation of fibers in
a layer of fascia, Figure 1b. These fibers are straight, and are
located in the plane x3Z 0. Each fiber of the first set are
parallel to each other and spaced at a distance d1 apart
Similarly, the second set of fibers are parallel and spaced at
adistanced2 apart. Thesefibers are assumed tobepart of the
fascia so that bothdeformtogether. The sheet is subjected to
a homogeneous strain with principal extension ratios l1, l2,
l3 in the directions of x1, x2, x3 respectively. These extension
ratios are defined as the deformed length after stretch
divided by the original length before the stretch. The
angles" a become "b after deformation.

Thus if a line element dS in the un-deformed state
becomes dS1 in the deformed state, then we can write
(Adkins and Rivlin, 1955)
!
dS1
dS

"2

Zl1l
2 þ l2m

2 þ l3n
2 ð2:1Þ

As the fibers are in-extensible and lie in the plane x3Z 0 in
the directions, (l1, m1, 0), ðdS1=dSÞZ1, we get from (2.1),

l1l
2 þ l2m

2Z1 ð2:2Þ

Using l21 þm2
1Z1, and l1Zcosa;m1Zsina, we get from

(2.2), the condition

l21cos
2aþ l22sin

2aZ1 ð2:3Þ

It may me noted that the angle b after deformation is
related to angle a by

cosbZl1cosa; sinbZl2sina ð2:31Þ

We now suppose that the deformation is produced by
a system of forces acting on the sheet uniformly around its
edges, and parallel to the x1, x2 axis so that stress resul-
tants at any point of the sheet are given by:

1. (T1, S1) in the positive directions of x1, x2, respectively
across a line parallel to the x2 axis.

2. (T2, S2) in the positive directions x2, x1, respectively
across a line parallel to the x1 axis.

as shown in the figure above. It may be noted that since the
force system is specified with respect to the principal
directions of strain, S1, S2 are the shear forces due to the
tensions in the fibers only.

These forces are measured per unit length of the edges
in the deformed state. Considering the elastic material and
the system of fibers separately, we can write
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T1ZT 0
1 þ T 00

1 ; T2ZT 0
2 þ T 00

2 ð2:4Þ

where T 0
1;T

0
2 are the forces required to deform the fascia

without fibers, and T 00
1 ;T

00
2 are the forces due to tension of

the fibers in the fascia.
Now to determine T 0

1;T
0
2, we apply the stressestrain

relation that is valid for the incompressible transversely
isotropic material subject to large deformation, i.e. non-
linear (Green and Adkins, 1970) since the fascia is assumed to
be transversely isotropic (Chaudhry et al., 2007). The non-
linear stressestrain relation expressed in the form of strain
energy function W is given by Green and Adkins (1970):

tijZFgij þJBij þ pGij þQMij þLNij ð2:5Þ

where tijZði; jZ1; 2; 3Þ are the stress components,

FZ2
vW
vI1

; JZ2
vW
vI2

; QZ
vW
vK1

; LZ
vW
vK2

;

BijZI1gij % girgjsGrs

MijZ
vqi

vx3

vqj

vx3

NijZ
!
vqi

vx3
vqj

vxa
þ vqi

vxa
vqj

vx3

"
ea3

eijZ
1
2

!
vui

vxj
þ vuj

vxi
þ vur

vxi

vur

vxj

"

ð2:6Þ

W is the strain energy function, WZW(I1, I2, I3, K1, K2),
(I3Z 1) for incompressible material and

gijZ
vxr

vqi
vxr

vqj
;

GijZ
vyr

vqi
vyr

vqj
;

girgrjZdij; GirGrjZdij

I1ZgrsGrs

I2ZgrsGrsI3

I3ZG=g; gZ
##gij

##; GZ
##Gij

##

K1Ze33; K2Ze3ae3a

ð2:7Þ

where I3Z 1 for an incompressible material. It may be
noted that a point P0 initially at xi referred to a fixed
rectangular cartisian coordinate system moves to yi in the
same coordinate system. qi is defined as a general curvi-
linear coordinate system. It can be made to coincide with
un-deformed or deformed state. eij are strain components.

3-D stresses due to the elastic matrix material
without fibers

From the geometry of the deformation defined above, we
write

y1Zl1x1; y2Zl2x2; y3Zl3x3 ð3:1Þ

where any point (x1, x2, x3) in the un-deformed state goes
to (y1, y2, y3) in the deformed state, and

q1Zx1Zx; q2Zx2Zy; q3Zx3Zz

Thus the displacements are given by:

u1Zðy1 % x1ÞZðl1 % 1Þx1
u2Zðy2 % x2ÞZðl2 % 1Þx2
u3Zðy3 % x3ÞZðl3 % 1Þx3

ð3:2Þ

Using (3.2) into eij given in (2.6) we have

e11Zðl1 % 1Þ þ 1
2
ðl1 % 1Þ2

e22Zðl2 % 1Þ þ 1
2
ðl2 % 1Þ2

e33Zðl3 % 1Þ þ 1
2
ðl3 % 1Þ2

e12Ze23Ze31Z0

ð3:3Þ

Using (2.6) and (2.7) we find

gijZgijZdik and gZ1

GijZ

2

4
l21 0 0
0 l22 0
0 0 l23

3

5
ð3:4Þ

Figure 1 a) Rectangular element model of fascia subjected to forces along two perpendicular directions, i.e. X1 and X2 with two
sets of parallel fibers orientated at "a. l1, l2 are principal extension ratios. b) Human fascial photograph from Stecco (2011).
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GikZ

2

4
l%2
1 0 0
0 l%2

2 0
0 0 l%2

3

3

5

BikZ

2

4
l22 þ l23 0 0

0 l23 þ l21 0
0 0 l21 þ l22

3

5

ð3:5Þ

MijZ 0 for all i, j except for iZ jZ 3, i.e. M33Z 1. Simi-
larly, NijZ 0 for all i, j except for iZ jZ 3, i.e.
N33Z2e33Z2½ðl3 % 1Þ þ ð1=2Þðl3 % 1Þ2'

Using (3.4) in (2.7) gives the strain invariants

I1Zl21 þ l22 þ l23; I2Zl21l
2
2 þ l22l

2
3 þ l23l

2
1; I3Zl21l

2
2l

2
3 ð3:6Þ

To calculate the physical components of stress tij from the
tensor components tij we make use of the following formula
(Green and Zerna, 1968) given by

tijZ

ffiffiffiffiffiffi
Gjj

Gii

r
tij ð3:7Þ

Thus, the physical components of stresses are given by

t11Zl21t
11Zl21Fþ l21

%
l22 þ l23

&
Jþ p

t22Zl22t
11Zl22Fþ l22

%
l23 þ l21

&
Jþ p

t33Zl23t
11Zl23Fþ l23

%
l21 þ l22

&
Jþ p

þ
n
2l23ðl3 % 1Þ þ l23ðl3 % 1Þ2

o
L ð3:8Þ

Using I2Zl21l
2
2 þ l22l

2
3 þ l23l

2
1 from (3.6) into (3.8) we can

write

t11Zl21F%
%
l22l

2
3

&
Jþ p0

t22Zl22F%
%
l23l

2
1

&
Jþ p0

t33Zl23F%
%
l21l

2
2

&
Jþ p0 þ

n
2l23ðl3 % 1Þ þ l23ðl3 % 1Þ2

o
L

ð3:9Þ

where p0ZpþJI2.
As the sheet is incompressible we can use I3Zl21l

2
2l

2
3Z1.

Then (3.8) becomes

t11ZT 0
1Zl21F% 1

l21
Jþ p0

t22ZT 0
2Zl22F% 1

l22
Jþ p0

t33ZT 0
33Zl23F% 1

l23
Jþ p0 þ

n
2l23ðl3 % 1Þ þ l23ðl3 % 1Þ2

o
L

ð3:10Þ

As the x1, x2 plane is free from normal traction we have
T 0
33Z0. Using this in (3.10) we have

p0Z% l23Fþ 1

l23
J%

n
2l23ðl3 % 1Þ þ l23ðl3 % 1Þ2

o
L

Then, we have

T 0
1Zl21F% 1

l21
J% l23Fþ 1

l23
J%

n
2l23ðl3 % 1Þ þ l23ðl3 % 1Þ2

o
L

T 0
2Zl22F% 1

l22
J% l23Fþ 1

l23
J%

n
2l23ðl3 % 1Þ þ l23ðl3 % 1Þ2

o
L

ð3:11Þ

The above set of equations (3.11) represent the forces in
the sheet for transversely isotropic sheet without fibers
subject to large deformation.

2-D stresses with fibers under tension

If the set of fibers carrying a tension t1 each after defor-
mation make an angle b with the x1 axis and are spaced
a distance d1 apart before deformation, the number of
fibers required to cut a unit length in x1 and x2 directions
are sina=d1, and cosa=d1. These quantities change to
sina=l1d1, and cosa=l2d1. The tensions and spacing in the
other set of fibers making an angle %a with the x1 axis are
denoted by t2 and d2, respectively. Applying similar
consideration to the second set of fibers and using the
relation for the angle b after deformation and using (2.3)1
we have as in Adkins and Rivlin (1955)

T 00
1Z

l1

l2
ðs1 þ s2Þcos2a

T 00
2Z

l2

l1
ðs1 þ s2Þsin2a

S1ZS2Z
1
2
ðs1 % s2Þsin2a

ð4:1Þ

where s1; s2Zððt1=d1Þ; ðt2=d2ÞÞ. We now assume that forces
due to the elastic material without fibers (see section 3)
can be added to the forces due to fibers tension (see
section 4) linearly to find the resulting forces on the
composite fascia of the sheet plus the collagen fibers.

Thus, using (3.11) and (4.1) in (2.4) the resultant forces
on the reinforced fascia become

T1Zl21F% 1

l21
J% l23Fþ 1

l23
J%

n
2l23ðl3 % 1Þ þ l23ðl3 % 1Þ2

o
L

þl1

l2
ðs1 þ s2Þcos2a

T2Zl22F% 1

l22
J% l23Fþ 1

l23
J%
n
2l23ðl3 % 1Þ þ l23ðl3 % 1Þ2

o
L

þl2

l1
ðs1 þ s2Þsin2a

SZ
1
2
ðs1 % s2Þsin2a ð4:2Þ

One dimensional extension stress combining
fiber and elastic matrix

We assume that deformation is produced only by the tensile
force T1, then T2Z SZ 0, which means that s1Z s2 and
n
2l23ðl3 % 1Þ þ l23ðl3 % 1Þ2

o
LZl22F% 1

l22
J% l23Fþ 1

l23
J

þ2
l2

l1
s1sin

2a ð5:1Þ

Substituting (5.1) into T1 from (4.2) we have

T1Z

"

F
%
l21 % l22

&
þJ

 
1

l22
% 1

l21

!#

þ 2s1

!
l1

l2
cos2a% l2

l1
sin2a

"

ð5:2Þ
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Results

Equation (5.2) can be rewritten using (2.3) and (2.3)1 with
l2 w 1 (due to extension only in the x1 direction) as

T1Z

"

F
%
l21 % l22

&
þJ

 
1

l22
% 1

l21

!#

þ 2s1

%
2l21cos

2a% 1
&

l1
ð5:3Þ

The first term in (5.3) is positive since l1> l2. For tensile
force T1 in (5.3) to be positive, the second term will be
positive if 2l21cos

2a% 1 > 0 or

cosa>
1

l1
ffiffiffi
2

p ð5:4Þ

Also, from (2.3)

l1cosa< 1 or cosa<
1
l1

ð5:5Þ

From (5.4) and (5.5), we find the condition for fascia to be
in tension given by

cosa<
1
l1

and cosa>
1

l1
ffiffiffi
2

p ð5:6Þ

This can also be written in the form:

cos%1 1
l1

< a< cos%1 1

l1
ffiffiffi
2

p ð5:7Þ

Using the condition (2.31) i.e. cosbZl1cosa, the plot
between underformed angle a and deformed angle b, is
plotted in Figure 2.

Again using the condition (5.7), the region of positive and
negative tension in fibers is also plotted in the physiological
range (1( l1( 2) of stretch ratio (see Figure 3). It is noted
from equation (5.3) that the total value of the positive and
negative tension is always positive tension.

Figure 4 illustrates how the stretch along horizontal
direction of the fascia for a given area results in a new
shape of the same area making a smaller stretch in the

transverse direction. The significances of these plots
(Figures 2e4) are discussed below in the conclusion section.

Discussion

To verify the predicted angles of orientation with our model
compared to other models, we first find the predicted mean
angle of fibril orientation of endomysium from constant
shape model of Purslow and Trotter (1994) after a stretch of
muscle sacromere length from its resting length of 2 mm by
30%. The constant shape model is based on the assumption
that as the muscle changes length at constant volume, the
original cross-sectional shape of the fascicle remains
constant, the cross section changes only in area.

It is found from (Purslow and Trotter, 1994) that the
mean angle changes from 58 degrees to 43 degrees by the
isoreal model, and from 58 to 48 degrees by the constant
shape model. The isoreal is based on the inference that the
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Figure 2 Relation between undeformed and deformed angle
after stretch for varying stretch ratios (i.e. deformed length
over original length).

10 20 30 40 50 60 70 80
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

α  - Fiber Angle (degrees)

λ 1 - 
St

re
tc

h 
Ra

tio
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fibers versus stretch ratio.

Figure 4 Representative shape of fascia for a given area
before and after stretch resulting in smaller stretch in the
transverse direction compared to larger stretch in the longi-
tudinal direction.
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surface area as well as the volume of each muscle fiber
remains constant as the muscle changes length. For our
model, we employ the first equation of (2.31) to predict the
change in angle as a result of 30% stretch. We find that the
angle changes from 58 degrees to 47 degrees. These slight
differences with other models can be due to manually
analyzed orientation distribution in isoreal and constant
shape models. However, the result of our constant volume
model is very close to that of constant shape model (Pur-
slow and Trotter, 1994).

Fascia may also have a key role in proprioception due to
the presence of mechanoceptors in the fascia which work
primarily under the influence of tension in the fascia. The
transmission of tensional forces to receptors is another
fruitful area of investigation.

Fascia is generally considered as a structure which bears
tensile and not compressive force. However, Ingber’s group
has elegantly demonstrated that intracellular structures
such as DNA (Liedl et al., 2010) and microtubules (Ingber,
2010) can bear compressive forces. Also, fascia has a com-
partmentalized structure which if sealed may also support
compression in a fashion similar to the air filled plastic bags
commonly used as packaging materials.

Limitations

In Figure 3, we find negative tension in a certain region. This
may be due to our assumption by taking an element of fascia as
isolated, when in fact it is not. Muscles are connected to the
fasciabeneath.Theanatomicalchanges in themusclesbeneath
the fascia can come into play andmay counteract the negative
tension when the stretch reaches a certain threshold value.
Further refinements of the model incorporation muscular
connections of fascia is another topic for future research.

Conclusion

A mathematical model has been successfully developed for
highly elastic, transversely isotropic, incompressible
material such as endomysium (a type of fascia) to establish
the relationship between the orientation of the fibers
and the stretch in the fascia. We also find a close prediction
of the fiber orientation as a result of 30% stretch of endo-
mysiums with our model compared to that of constant
shape model of Purslow and Trotter (1994).

It is known that the connection between the fascia
layers (Guimberteau) change the fiber orientation
depending upon the applied forces or stretch. Therefore
a relation between the fiber orientation before and after
deformation which depends on the stretch is plotted (see
Figure 2). The negative tension and positive tension
threshold in the fibers produced as a result of stretch is
shown in Figure 3. From equation (5.2), the first term of the
total force T1 is always positive (in the absence of fibers)
since the stretch in the longitudinal direction is always
much greater than the resulting negative stretch (i.e.
compression) in the transverse direction as demonstrated in
Figure 4. Therefore, the total force in composite fascia
(including fibers) must also be always positive after coun-
teracting the negative tension in the fibers.

The above conclusion for fascia to be always in tension
supports the key role of fascia for proprioception due to the
presence of mechanoreceptors (in the fascia) which work
only under the influence of tension in the fascia.

From Figure 2, we observe some interesting results.
First, as the fibril angle increases, the fibers become more
resistant to change after stretch of the fascia. Second, the
deformed fibril angle becomes zero for fibers below
a certain un-deformed fibril angle depending on the
stretch. For example, for a stretch of 1.10, 1.25, 1.40, the
threshold for un-deformed angles are 24, 36, and 44
degrees respectively, for which the deformed angles are
zero. That means, below these fibril angles, the fibers get
aligned with the horizontal direction. The clinical applica-
tions of these findings are as yet unexplored. This model
may both suggest testable cellular mechanisms involved in
fascial therapies, as well as modeling of specific therapies
for testing improvements in clinical practice.
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